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Geometries on finite partially ordered sets extend the concept of matroids on 
finite sets to partially ordered sets. Geometries are defined in terms of closure 
operators on partially ordered sets. The lattice of closed sets is semimodular, 
and every finite semimodular lattice is isomorphic to the lattice of closed sets 
of some geometry. A distinction between geometries and pregeometries is made, 
and deletion and contraction are discussed as constructions on pregeometries. 
Strong geometries and strong semimodular lattices are introduced, and strong 
geometries are characterized as those geometries for which every contraction 
results in a geometry. Cryptomorphic descriptions of pregeometries are given 
in terms of flats, hyperplanes, rank function, independent, and B-independent 
sets. It is shown that among the geometries precisely the strong geometries 
possess the Kuroi-Ore exchange property, and a general marriage theorem for 
pregeometries is proved. To each pregeometry on a partially ordered set a dual 
on the dual partial order is associated as an operation of period 2. Deletion and 
contraction are seen to commute under duality, and it is shown that the dual 
of a geometry is, in general, only a pregeometry. 
1. INTRODUCTION 
In his pioneering paper [7], Whitney showed the importance of matroid 
theory as a unifying concept in combinatorial theory by exhibiting the 
fundamental properties linear vector spaces and many combinatorial objects 
have in common. A matroid is a (finite) set S together with a closure operator 
which obeys the following exchange property: For all p, q E S, and A C S, 
q E A u p and q $ A imply p E A u q. Matroid theory is thus the study of 
those closure spaces that enjoy the well-known Steinitz-MacLane exchange 
property of linear vector spaces. 
In our attempt to extend matroid theory to partially ordered sets, we are 
guided by the following example: 
If P is the collection of indecomposable subgroups of a (finite) Abelian 
group G, P is partially ordered by set inclusion. There is a natural closure 
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operation on P: For any S C P, 3 = (p E P: p _C (S)), where (S) is the 
subgroup of G generated by S. This closure operator has the modified ex- 
change property: For all p, q E P, and S C P such that if p’ < p then p’ E S, -- 
q&?up,andq@implypESuq. 
So our geometries will be partially ordered sets together with closure 
operators which obey, in particular, the modified exchange property. 
Finkbeiner [6] discovered this modified exchange property when he 
studied the properties a closure operator on a partially ordered set P must 
have so that the closed subsets of P form a semimodular lattice whose set of 
supremum irreducible elements with the induced order is isomorphic to P. 
Finkbeiner’s closure operator is the closure operator of a “proper geometry.” 
We study slightly more general closure operators. There are several reasons 
for doing so. From geometries, we can obtain new structures by forming 
contractions, the geometric counterpart of forming factor groups of a 
group. Contractions of geometries, however, although always “pregeo- 
metries,” need not be geometries. Also, the “dual” of a geometry is, in general, 
only a pregeometry. 
In Sections 2-4, we give the basic definitions, discuss the lattice of flats, 
and introduce the operations of deletion and contraction. The main purpose 
of Sections 5-8 is to provide “cryptomorphic” descriptions of geometries, i.e., 
to give sets of axioms for geometries, in terms of flats, hyperplanes, rank 
function, and independent sets. We distinguish “independence” and “B- 
independence.” The former is more lattice oriented and enables us to show 
that, among our geometries, precisely the “strong” geometries, namely, 
those for which every contraction results in a geometry, satisfy the analog of 
the well-known Kuroi-Ore theorem for modular lattices. The latter is more 
combinatorial and allows one to show a general marriage theorem for 
pregeometries. The final section defines for each pregeometry a dual pregeo- 
metry as an operation of period 2 and shows that deletion and contraction 
commute under duality. An illustration of the various cryptomorphisms of a 
geometry is given in the Appendix. All partially ordered sets in this paper are 
assumed to be finite although finiteness is not always necessary. For instance, it 
would suffice to require that the rank function and the complexes of indepen- 
dent sets have finite height. For examples, the reader is referred to [5], 
where a discussion of maps between geometries is also given. For more 
information on matroid theory, i.e., of geometries on trivially ordered sets, 
the reader should consult [2]. 
We should mention that another attempt to generalize classical matroids 
to partially ordered sets has been made through “supermatroids” in [4]. 
Supermatroids on partially ordered sets are a subclass of our geometries 
determined by the condition that the rank of any independent set be equal 
to its cardinality. 
We have not touched upon two integral parts of matroid theory: the 
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theory of Tutte-Grothendieck invariants (see [l]), and the representation 
problem (see [2]). We hope that future research will enable us to pursue 
those important subjects. 
2. BASIC DEFINITIONS 
All partial orders P = (P, <) will be finite. If P is any partial order, we 
use the notations: for any S C P, 
S+={s~S:t~Sands<timplys=t}, 
S = (pEP:p <sfor somesES). 
For any PEP, (p) =$ -p =(~EP: q <p>. A subset S_CP is an 
(order) ideal if S = s. An (order) jilter is any (set-) complement of an ideal. 
If p and q are any two elements of P, p covers q if q < p and no element s 
exists with q < s < p. A chain of P is a subset C = (pl ,.. ., pn) so that 
PI < *** <Pn, and the length of C is l(C) = n - 1. 
For any element p E P, we define the height of p as h(p) = max(Z(C): 
C a chain, p E C+>, and the height of P as h(P) = max{h(p): p E P>. 
An antichain is a subset A = {pl ,..., pn} such that pi $ pj for all pi # pj 
in A. A function o: PI -+ P, from the partial order PI into the partial order 
P, is an (order) homomorphism if for all q, p E P, q < p implies o(q) < o(p). 
A (compatible) closure operator on P is a function, shown with an overbar, 
which takes subsets of P into subsets of P so that: 
(Dl) for allp E P, SC P,p ES impliesj Cs, 
(D2) for all S, T _C P, S C T implies s C r 
A subset S C P is closed, or a flat, if S = S. From (Dl) it follows that 
S _C s C s, and (D2) implies that any intersection of flats is a flat. An element 
p E P is a loop if p E B and an isthmus if p 4 P - p. 
A closure operator on P is pregometric if 
(D3) For all q, PEP, SCP such that (p)Cs and q$s, qESup 
implies S u q (geometric exchange). 
A pregeometry G(P) is any partial order P together with a pregeometric 
closure operator. A pregeometry G(P) is a geometry if the two additional 
properties hold: 
(D4) forallpEP, m #S_CP,~=Simplies~=SforsomesES, 
(D5) for all p E P, p E (p) implies p E B. 
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A geometry G(P) is proper if 
(D6) 0 = B, and for allpEP,p=j. 
A pregeometry G(P) is strong if 
(D*) forallq,pEP,pEP,q <p,S_CP,pESuqimpliespES. 
PROPOSITION 1. Any strong pregeometry G(P) is a geometry. 
Proof. We have to show (D4) and (D5). Assume p 4 B. Then by (D*), 
p $ q for all q < p, and hence p 4 {q: q < p> = (p) by induction. So (D5) 
holds. Now assume j7 = s for some p E P, S 2 P. If p E ZJ, there is nothing 
to prove. If p $ B, then s = j7 # (p> by (D5). Choose s E S so that s &G). 
Thus s E (p) u p, and therefore p E (p) u s by (D3). Suppose p 4 3. Then 
p $ q u s for all q < p by (D*), and hence p $ (p) u s by induction. So (D4) 
holds too. a 
A partial order L is a lattice if for every pair x, y of elements of L, there 
exists a (unique) supremum, denoted x v y, and a (unique) infimum, denoted 
x A y. Since all our lattices are finite, each lattice has a unique greatest 
element 1 = sup L and unique smallest element 0 = inf L. An element 
x # 0 E L is supremum irreducible if for all A C L, x = sup A implies x = a 
for some a E A. x # 1 E L is inj?mum irreducible if for all A C L, x = inf A 
implies x = a for some E A. For any x E L, we denote by Y(x) the set of 
supremum irreducible elements that are less than or equal to x. Y(L) is the 
set of all supremum irreducible elements of L. We say a lattice L is strong if 
(L*) for all q, p E d(L), q < p, x E L, p < x v q implies p < x. 
A lattice L is semimodular if 
(L,) for all x, y E L, x covers x A y implies x v y covers y. 
A lattice L is modular if 
(L& for all x, y, 2 E L, x > z implies x A (y v 2) = 2 v (x h y). 
A lattice L is distributive if 
(Ld) for all x, y, 2 E L, X A (y V 2) = (X A y) V (X A Z). 
The following implication, for any lattice, is well known: 
(Ld) * (Lm) * (LB)- 
We state without proof (see [3]): 
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PROPOSITION 2. Let L be a semimodular lattice. Then the height function h 
on L has the properties: 
(i) A(x) = 0 if and only if x is the zero element of L. 
(ii) y covers x if and only if y > x and X(y) = h(x) + 1. 
(iii) for all x, y E L, h(x v y) + h(x A y) < X(x) + h(y). 
Moreover, L is modular if and only if 
(iv) for all x, y E L, h(x v y) + X(x h y) = X(x) + h(y). 
We have a prototypical example of a distributive lattice in the following: 
For any partial order P, the collection of ideals of P, ordered by set inclusion, 
forms a distributive lattice P’(P) under the operations of set-theoretic union 
and intersection. 
It is easily verified that the closure operator on P taking each subset S 
into the ideal 8 gives rise to a proper geometry, called the free geometry on P. 
E’(P) is thus the lattice of flats of the free geometry on P. We will look at the 
lattices of flats of general pregeometries in the next section. 
3. THE LATTICE OF FLATS 
From any closure operator on a partial order P we obtain a lattice L in a 
natural way. In the collection L of closed sets, ordered by set inclusion, 
supremum and infimum exists for any pair S, T of closed sets of P and is 
givenbySAT=SnTandSvT=n(UEL:SuT_CU).IfG(P)isa 
pregeometry, we denote by L(G) its lattice of flats. 
LEMMA I. For any T, S E L(G), T covers S in L(G) if and only if T = 
SupforsomepEP,p#Sso thatqesforallq <p. 
Proof. If T covers S, choose any p E T - S. Then S C S UP C T; i.e., 
T = S u p. Conversely, let p 4 S such that (p) Z S. Then for all q E S u p, 
p ES u q if q q! S, by (D3). Hence T = S U p must cover S in L(G). 
PROPOSITION 3. Zf G(P) is a pregeometry, then the lattice L(G) of flats of 
G(P) is semimodular. 
Proof. Let S, T be any member of L(G) such that T covers S A Tin L(G). 
We must show that S v T covers S. Let U = S n T = S A T. Then by 
Lemma 1, T = U u p for some p $ U, (p) Z U. In particular, p $ S. Thus 
(p) C U C S implies that S u p covers S and because T C S u p, we have 
Sv T=SupcoversS. 1 
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For any pregeometry G(P), there is a natural homomorphism (T from the 
underlying partial order P into the lattice L(G) of flats: For allp E P, a(p) = jj. 
LEMMA 2. a: P -+ L(G) induces an epimorphism from P onto YO(L) = 
Y(L(G)) v ( B> if and only tf the pregeometry G(P) satisfies (IX). This 
epimorphism is cover preserving for nonloops of P, if and only if in addition 
G(P) satisjies (D5). Moreover, CT establishes an isomorphism between P and 
Y(L) if and only if G(P) satisfies (D6), in addition to (D4) and (D5). 
Proof. u is onto Jo(L) if and only ifp is a loop or p is irreducible in L(G) 
for all p E P; i.e., if and only if (D4) holds. If (D4) holds, then o is not cover 
preserving if and only if there is a nonloop p E P so that p E (j); i.e., if and 
only if (D5) fails to hold. Finally, u is an isomorphism between P and Y(L) 
if and only if there are no loops and q $ p implies q q! jj for all q, p E P. a 
We summarize in 
THEOREM 1. Let G(P) be a pregeometry on a partial order P. Then 
(a) The lattice L(G) offlats of G(P) is semimodular. 
(b) The function p I+ p induces an epimorphism from P onto YO(L) 
that preserves cover for nonloops tf and only if G(P) is a geometry. 
(c) The function p I+ ji induces an isomorphism between P and Y(L) if 
and only if G(P) is a proper geometry. 
Given a semimodular lattice L, we may define a closure operation on I(L) 
with the induced partial order as follows: 
For S Z Y(L), s = (p E 9(L): p < sup S}. 
THEOREM 2. The closure operation S -+ s, as defined above, gives rise 
to a proper geometry G(L) on Y(L) whose lattice L(G) of flats is isomorphic 
to L. 
Proof. We show (D3). Let p be any element of 9(L) and let S any subset 
of 9(L) so that (p) Z s,p $ s. Note thatp covers sup (p) in L. Thus sup (p) = 
(sup S) A p. Since L is semimodular, (sup S) v p covers sup S in L. Now 
assume q E Y(L) is such that q g sup S and q < (sup S) v p. Then (sup S) v 
q and (sup S) v p must coincide, i.e., p E cq. The isomorphism between L 
L(G) follows from the fact that each element x of L may be identified with 
the flat Y(x) of L(G). 1 
Finally, we note 
PROPOSITION 4. If G(P) is a geometry on a partial order P, then G(P) is 
strong tf and only if its lattice L(G) of fiats is strong. 
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Proof. Recall that if G(P) is geometry, then a: P --+ YO(L): p -+ o(p) = jj 
is a well-defined epimorphism. Thus the properties (D*) for G(P) and (L*) 
for L(G) are equivalent. 1 
4. MINORS 
In this section we discuss two constructions on pregeometries to derive 
other pregeometries. 
Deletion 
Let G(P) be a pregeometry on a partial order P and let A be any ideal of P. 
G(P) induces a pregeometry G(A) on A, the subgeometry of G(P) obtained by 
“deleting” the set P - A, whose closure operation is given by: 
For S _C A, Sd = s n A, where s denotes the closure in G(P). 
One readily sees that G(A) is in fact a pregeometry. Moreover, if (D) is 
any of the properties (D4), (D5), (D6) and (D*), then (D) is hereditary in the 
sense that (D) holds for G(A) if it holds for G(P). We also use the notation 
G(A) = G(P) - (P - A) and may think of G(A) as being obtained by 
successively deleting maximal elements in the underlying partial order. 
There is a natural embedding o: L(A) + L(G) of the lattice L(A) of flats of 
G(A) into the lattice L(G) of flats of G(P) via Sd H @d) = s. From Lemma 1 
it follows that o is cover preserving. Moreover, it is easily verified that (T is 
injective and also preserves suprema. Thus L(A) is isomorphic to a “supre- 
mum semilattice” of L(G). (A supremum semilattice of a lattice L is a subset L’ 
of L which is closed under the supremum operation in L. L’ is a lattice with 
the infimum operation x A y = sup{z: z E L’, z < x, z < y} for any X, 
y E L’. So the suprema in L’ correspond to the suprema in L. For infima, 
however, this is not necessarily so.) In particular, we note that the height 
A(Sd) in L(A) coincides with the height A(s) in L(G) for all S C A. 
Con traction 
Again let A be an ideal of P and let G(P) be a pregeometry on P. We may 
define a closure operation on P’ = P - A as follows: 
-__ 
For S _C P’, SC = S u A - A, where S u A denotes the closure in G(P). 
It is immediate that this operator satisfies (Dl) and (D2). We show that 
(D3) also holds: 
Let q, p E P’, S C P’ be such that (p) _C SC, q 4 SC, and 
qESupC. This means in G(P), (p)CSu A, q$Su A, 
and q E S u A u p. Since (D3) holds in G(P), p E S u A u q, 
andthuspESuquA-A=SuqC. 1 
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The pregeometry G(P) = G(P)/A, determined by this closure operator, 
is called the contraction of G(P) by A. 
If we denote by [a, b] = ( x E L: a < x < b) the interval determined by 
the elements a and b of the lattice L, we have a natural embedding o: L/A --+ 
[A, P] of the lattice of flats of the contraction G(P)/A into the (upper) 
interval [A, P] of the lattice of flats of G(P) via SC I+ a@) = S u A for all 
SCP’. 
PROPOSITION 5. a: L/A -+ [A, P] is a lattice isomorphism. 
Proof. By definition, CT is onto. So we must show that (T is also injective 
and preserves suprema and infima. If SC # TC in L/A, then S u A - A # 
T u A - A, and hence o(sc) = S u A # T u A = o(Tc). Furthermore, -- 
u(ih Tc) = cr(SuTc) = SuTuA = SuAv TuA = ova 
and a(sC A TC) = a(sC n 7’C)C = (SC n TC) u A = (SC u A) n (TC u A) = 
(S u A) A (T) = @c) A a(Tc). a 
The contraction G(P)/A of a geometry G(P) is, in general, only a pre- 
geometry. Theorem 3 will characterize the strong geometries as precisely 
those geometries all of whose contractions are geometries. 
LEMMA 3. Let x be any element of a strong semimodular lattice L. Then 
a necessary and suficient condition for an element q to be irreducible or to be 
the zero element in L’ = [x, l] C L is that there exists an irreducible element 
p in L such that q = x v p. 
Proof: Assume q E 9(L’). Then q = x v p1 v ... v pn for some pi E Y(L), 
and q = (x v p,J v *~~v(xvp,)impliesq=~vp~forsomep~. 
Now assume p E Y(L), and consider q = x v p. If p < x, then q is the 
zero element in L’. If x < p, then q = p is irreducible in L’ since it is irredu- 
cible in L. So assume p < x and x $ p. Let y = (p), where y is regarded as 
a flat in the associated proper geometry on Y(L). Since L is strong and p Z& x, 
x v p must cover x v y. Suppose there is a z E L’ so that z $ x v y and 
z < x v p. Then p $ z since otherwise x < z would imply x v p < z. 
Therefore, p < z v p’ for all p‘ E Y(y), and thus, again since L is strong, 
p $ z v y = z v x v y = x v p, a contradiction. l 
LEMMA 4. If L is a semimodular lattice for which the conclusion of Lemma 3 
holds, then L is strong. 
Proof. Suppose that property (L*) fails to hold for L, and let x E L be of 
minimal height such that there are r, s E Y(L), r < s, r, s 4 x and x v r = 
x v s. Then x # OL. If y E L is covered by x, y v r < y v s. Now 
y v r < x v r. Moreover, x v r must cover y v r since otherwise y v r = 
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xvr=xvs~yvs. So y v s = x v s. Consider L’ = [y, l] 2 L, and 
let 4 = y = y v s. But then 4 = (y v r) v x, 4 # y v r, 4 # x, contradict- 
ing q E Y(L’). 1 
Lemmas 3 and 4 together give: 
THEOREM 3. Let L be a semimodular lattice. Then the map 
0: L -+ L’ = [x, l] c L: y I-+ o(y) = x v y 
induces, for all x E L, an epimorphism from 9O(L) on to X”(L’) if and only if L 
is strong. 1 
Theorem 1 and Proposition 5 yield the corollaries: 
COROLLARY 3.1. The homomorphism 4: P’ = P - A -+ L/A: p I--+ #(p) = PC 
from the partial order P’ into the lattice offlats of the contraction G(P)IA of a 
geometry G(P) by the ideal A induces, for all ideals A, an epimorphism from 
P’ onto 9O(LIA) if and only if G(P) is strong. 
COROLLARY 3.2. The contraction G(P)IA of a geometry G(P) is, for all 
ideals A, a geometry if and only if G(P) is strong. 
Minors 
Given any two ideals A, B of a partial order P, and any pregeometry 
G(P), the minor Gc~,~I is the difference set B - A with the induced partial 
order and the closure operator for S C B - A, 
Since 
Sm = [(S u A) n B] - A. 
[(S u A) n B] - A = [(S u A) n (S u B) n B] - A 
= [(S u (A n B) n BJ - (A n B), 
the minor G[ A,B~ arises as the contraction of the subgeometry G(B) to B - A 
or, equivalently, as the restriction of the contraction G(P)/A to the sub- 
geometry on B - A. Thus every minor of a pregeometry is a pregeometry 
and its lattice of flats is isomorphic to a supremum semilattice of an upper 
interval of L(G). 
5. FLATS AND HYPERPLANES 
Let 9 be the collection of flats of a pregeometry G(P) on a partial order P. 
Each flat is an ideal of P. Moreover, 9 has the following two properties: 
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(Fl) P E 9, and for all 9’ _C F, n9’ E 9, 
(F2) if A C B in 9, p E P such that (p) C A and p # B, then there is 
someCE9suchthatAupCCandB$C. 
Property (Fl) follows from the fact that fl is the collection of closed sets 
with respect to some closure operator on P. To see (F2), we take C = A up. 
By Lemma 1, C covers A in the lattice of flats and can thus not contain B. 
Conversely, we can show: 
THEOREM 4. A collection 9 of ideals of a partial order P is the collection 
of flats of a pregeometry G(P) on P if and only if 9 satisfies (Fl) and (F2). 
Moreover, 9 determines G(P) uniquely. 
Proof. The closure operator S -4 = n{&9: SCP}for allS2 P, has 
as closed sets precisely the members of F and apparently satisfies (Dl) and 
(D2). We show (D3). Assume that for some q, p E P, S C P, we have (p) C s, 
q$s, and qESup. Let A=S andB=cq, and supposep$B. Then 
by(F2),thereisaCE~suchthatAup2C,B~C.ButthenqESupCC, 
and hence B = S u q Z C, a contradiction. 1 
So a pregeometry G(P) on a partial order P can be described completely 
by a list of all the flats of G(P). This can be done more economically by 
listing just a certain subcollection of flats that already determines G(P). A 
flat H # P of a pregeometry G(P) on a partial order P is a hyperplane if for 
any two flats F1 and F2 of G(P), H = $‘1 n F2 implies H = FI or H = F2 . 
The hyperplanes of a pregeometry are exactly the infimum irreducible elements 
in the lattice of flats, and each flat can be represented as the intersection of 
suitable hyperplanes (under the convention that P corresponds to the empty 
intersection). 
PROPOSITION 6. Let HI # Hz be any two hyperplanes of a pregeometry 
G(P) on a partial order P, q and p any elements of P such that p 4 HI , 
qEHI- Hz, and (p)-CH,nH,. Then there exists a hyperplane H such 
thatq$Hand(HInH2)upCH. 
Proof. Consider A u p, where A = HI n Hz . If q E A u p, thenp E A u q 
by (D3). Thus q $ A u p. Hence there must exist some hyperplane H which 
contains A UP but not q. f 
Let .% be a collection of ideals of a partial order P with the following two 
properties: 
(Hl) For any HI ,..., H, E %, H = nL, Hi E Z implies H = Hi for 
some1 <i<n; 
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(H2) for any H1 # H, E X, q, p E P such that p 4 HI, q E HI - Hz, 
and (p) C HI A H2 , there exists an H E X such that q $ H and (HI n Hz) u 
p C H. 
THEOREM 5. A collection # of ideals of apartial order P is the collection of 
hyperplanes of some pregeometry G(P) on P if and only if .8 satisfies (Hl) 
and (H2). Moreover, & determines G(P) uniquely. 
Proof. We must show that Z, satisfying (Hl) and (H2), is the collection 
of hyperplanes of a unique pregeometry. 
If 9 is the collection of ideals obtained by forming all possible intersections 
of members of Z, we claim that 9 satisfies (Fl) and (F2). Property (Fl) 
holds by definition of s. Let A C B in F, p E P such that p 4 B and (p) C A. 
If B=H,n a.. n Hk and A = HI n *.. n H,,, n ... n Hl for suitable 
members Hi of z@‘, we may assume p $ HI , say, and q E HI - H,,, , say, for 
some q E B - A. Then by (H2), there exists an HE # such that q $ H and 
AupC(HrnH,,,)upCH.Hence,thereisanHE%sothatAupCH 
and B g H; i.e., (F2) holds. 
So X determines a (unique) pregeometry G(P). If H E #, Fl = HI, n a.. 
n &n and & = Hz1 n .*. n Hz, are flats such that H = 8’1 n F, , then 
H = HI1 n -es n HI, n H,, n .** n Hz, implies H = Hij for some Hij by 
(Hl); i.e., H = F1 or H = Fz . Conversely, let H be a hyperplane of G(P), 
and HI ,..., H,E# so that H=H,n...nH,. Then H=Hi for some 
Hi , i.e., HE SF. g 
6. RANK FUNCTION 
For any pregeometry G(P) on a partial order P we may define a rank 
function r on the subsets of P: 
For all S C P, r(S) = )c(s), where h(S) is the height of the closure 
of S in the lattice L(G) of flats of G(P). r(G) = r(P) is the.rank 
of G(P). 
If G(A) is any subgeometry of G(P), we have seen (Section 4) that the 
height of a flat Sd in L(A) coincides with the height of S in L(G). Thus: 
PROPOSITION 7. If r’ is the rank function of the subgeometry G(A) of G(P), 
then for all S C A, r’(S) = r(S). 
We have also seen (Proposition 5) that the lattice of flats of the contraction 
G(P)/A of G(P) by the ideal A is isomorphic to the interval [A, P] in L(G). 
Hence: 
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PROPOSITION 8. If r’ is the rank function of the contraction G(P)/A of 
G(P), then for all S C P - A, r’(S) = r(S v A) - r(A). 
Consequently, we obtain 
PROPOSITION 9. If r’ is the rank function of the minor G[A,B~ , determined 
by two ideals A and B of P, then for all S C B - A, r’(S) = r(S v A) - r(A). 
PROPOSITION 10. Let G(P) be a pregeometry on a partial order P. Then a 
subset S C P is a flat of G(P) if and only if for all p E P, r(S) = r(S v p) 
implies p E S. 
Proof Assume S = S. Then for all p E P - S, S C S up and hence 
h(S) < )c(S u p). Conversely, if p is any element in s, then r(S) = X(s) = 
A(S UP) = r(S up), whence p E S. a 
We now turn to the characteristic properties 
pregeometry G(P) on a partial order P. 
of the rank function of a 
hMMA 5. r is an integer-valued function, defined on the subsets of P, 
that the following properties hold 
so 
(RO) r(D) = 0. 
(Rl) For all S C P, r(S) = r(s). 
(R2) For all p E P, S C P, r(S) = r(S v ( p)) implies r(S) < r(S v p) < 
r(S) + 1 (unit increase). 
(R3) For all S, T C P, r(S v T) + r(S n T) < r(S) + r(T) (semi- 
modularity). 
Proof Properties (RO) and (Rl) are obvious. For (R2), note that r(S) = 
r(S u (p)) implies (p) _C s by Proposition 10. Therefore, S u p covers or is 
equal to s in L(G). As to (R3): 
r(S u T) + r(S n T) < r(S v T) + r(s n T) = h(S v T) + h(S A T) 
< h(S) + A(T) = r(S) + r(T) 
since by (Rl) and (R2), r is increasing and the height function h in L(G) is 
semimodular (Proposition 2). 1 
Note that replacing S and Tin (R3) by S = S’ u p and T = S’ u q for any 
elements p, q E P, yields the “local semimodular law,” 
(R3’) r(S’) = r(S’ U p) = r(S’ U q) implies r(S’) = r(S’ U p U q), 
since r is increasing. 
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THEOREM 6. An integer valued function r, defined on the subsets of a 
partial order P, is the rank function of some pregeometry G(P) in P if and only if 
r satisfies (RO), (Rl), (R2), and (R3). Moreover, r determines G(P) uniquely. 
Proof Assume that r satisfies (RO)-(R3). Call a subset S of P “r-closed” 
if r(S u p) = r(S) implies p E S for any p E P. By (Rl), the r-closed sets are 
ideals in P. We want to show that the collection 9 of r-closed sets satisfies 
(Fl) and (F2). So let F1 ,..., I;;, be any members of 9, and suppose that 
I; = fly=, Fi does not coincide with its r-closure. Then there is a minimal 
p E P such that p $ I; and r(F) = r(F u p). Thus (p) C F. For any F’, , 
1 < i < n, r(Fi u F UP) + r(Ijli n (F u p)) < r(Fi) + r(F U p) by (R3), and 
since r(Fi n (F U p)) = r(F U p) = r(F), we have r(Fi U p) = r(Fi). Thus 
p E Fi for all 1 < i < n. Hence p E F = fly=, Fi , and (Fl) holds. 
If FI C Fs are any two members of F, then r(I;;) < r(FJ since r is increas- 
ing. Now letp E P so thatp $ Fz and (p) C FI . By (R2), r(FI u p) < r(F,) + 1. 
Thus if F3 denotes the r-closure of FI u p, r(F& < r(I;;) + 1. Therefore F3 
contains FI u p and cannot contain Fz , and (F2) holds too. 
r is the rank function of the pregeometry G(P) determined by 9 since 
r( IZI) = 0, and for any two flats I;; , Fz , r(F& = r(F;) + 1 if Fz covers FI 
in the lattice of flats, by (R2). 1 
COROLLARY 6.1. G(P) is a geometry tf and only tf the rank function r 
satisfies the additional properties: 
(R4) For all p E P, S C P, r(p) = r(S) = r(S u p) implies r(p) = r(s) 
for some s E S; 
(R5) for all q, q E P, q < p, r(p) = r(q) implies r(p) = 0. 
COROLLARY 6.2. G(P) is a proper geometry if and only tf the rank function 
r satisfies (RO)-(R5), and in addition: 
(R6) For all q, p E P, q 4 p implies 0 < r(p) < r(q U p). 
COROLLARY 6.3. Thepregeometry G(P) is strong, and therefore a geometry, 
if and only if the rank function r satisfies, in addition to (RO)-(R3): 
(R*) For all q, p E P, S 2 P, q < p and r(S u q) = r(S u p) imply 
r(S) = r(S U p). 
7. INDEPENDENCE 
There are two different types of independent sets in pregeometries. In this 
section we study the kind of independence which is appropriate in the context 
of the lattice of flats and relates to the Kuro&-Ore exchange property. The 
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other kind of independence, called B-independence, is more combinatorial 
in nature and is the subject of the next section. 
Given a pregeometry G(P) on a partial order P, an ideal I of P is an 
independent set of G(P) if for all ideals I’ C I, f’ # f in G(P). An independent 
set I is a basis of G(P) if 1 = P. (We must caution the reader about our 
terminology: The bases in this section are different from the bases in the 
next section.) 
The independent sets are precisely those ideals which are minimal with 
respect to their closure. So each ideal S contains an independent set Is 
so that 1, = S. In particular, o is an independent set. 
bMMA 6. If I is an independent set of G(P), and r(I) = k, then there is a 
chain 0 =IOCIIC*** C Ik = I of independent sets Ii SO that r(Ii) = i, 
O<i<k. 
Proof. Choose anyp E I+. Then (p) _C I - p, but I - p # 1. So r(Z - p) = 
k - 1, and I - p contains an independent set Ikwl of rank r(I,-,) = k - 1. 
Now repeat the argument for IkV1 . a 
The collection 9 of independent sets of G(P) is partially ordered by set- 
inclusion. Lemma 6 essentially says that the height of an independent set 
I in 9 is equal to its geometric rank in G(P). 
PROPOSITION 11. Given a pregeometry G(P) and any element p E Pf. 
Then an ideal I _C P - p is independent in the subgeometry G(P) - p if and 
only if I is independent in G(P). 
Proof. For any qEI+, q$I- qd in G(P) -p if and only if q$I- q 
in G(P). Thus I satisfies the minimality condition in G(P) - p if and only if I 
satisfies it in G(P). a 
Using induction, we see that the independent sets of the subgeometry 
G(A) of G(P) are precisely those independent sets of G(P) which are contained 
in the ideal A of P. 
Two easily verified properties are stated in 
LEMMA 7. (a) An element p E P+ is an isthmus of the pregeometry G(P) 
if and only if p E B+ for all bases B of G(P). 
(b) If p E P+ is an isthmus of G(P) and A any ideal of P so that p E A, 
then p is also an isthmus of the subgeometry G(A). 
An order complex on a partial order P is any collection 5Y of ideals of P 
so that 0 E g. % is partially ordered by set inclusion and thus possesses a 
height function h (see Section 2). B E % is a @‘-basis if h(B) = h(%‘), and 
p E P+ is a V-isthmus if p E B+ for all ‘X-bases B. Given any ideal A of P, we 
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can form the subcomplex %‘(A) = ‘% - (P - A) = {C E %?: C _C A). A 
property Q of 55 is hereditary if all subcomplexes %‘(A) of 9? also have the 
property 8. 
An order complex %? on a partial order P is geometric if the following 
property is hereditary on %: 
(11) If p E Pf is a V-isthmus and A is any ideal of P so that p E A, 
then p is also a %‘(A)-isthmus. 
LEMMA 8. Let %? be a geometric complex on a partial order P andp E P+. 
Then h(g) = h(9? - p) ifp is not a %?“-isthmus, and h(V) = h(g - p) + I ifp 
is a V-isthmus. 
Proof. Note that the height in ‘3? - p coincides with the height in V. 
If p is not a V-isthmus, there is a g-basis B so that p $ B. But then B is also 
a (V - p)-basis and h(B) = h(%f - p) = h(%Q. 
If p is a V-isthmus, then h(Q? - p) < h(V) - 1. Let B be a g-basis. If 
there is a q E Pf, q $ B, then h(V - q) = h(F), and hence h(% - q - p) = 
h(%? - q) - 1 = h(V) - 1 by induction on 1 P 1. So h(% - p) = h(V) - 1. 
Thus we may assume B+ = P+, and also 1 Bf 1 > 2. There must be a B’ E %?, 
B’ C B, so that h(B’) = h(B) - 1. Hence there is a g-isthmus q such that 
q $ B’. If q = p, we are done. If not, h(V - q) = h(%‘) - 1, and hence 
h(V-q-p)=h(g)-2 by induction on IPI. But %-q-p= 
‘37 - q - p = %? - p - q, and therefore h(%? - p) = h(% - p - q) + 1 = 
h(g)-1. i 
THEOREM 7. An order complex %? on a partial order P is geometric if and 
only if %7 is the collection of independent sets of some pregeometry G(P) on P. 
Moreover, %? determines G(P) uniquely. 
Proof. We have seen that the collection of independent sets of any pre- 
geometry is a geometric complex. We must show the converse. 
According to Lemma 6, we define for any S C P, r(S) = (max h(C): 
C Z s, C E %?}, and we must show that r is a geometric rank function. We 
remark that since (11) is hereditary on %‘, every subcomplex of %’ is also 
geometric. Therefore we may, for any S C P, restrict our attention to the 
subcomplex V(s) in order to demonstrate properties of r(S). 
By definition, r is increasing, integer valued, and satisfies (RO) and (Rl). 
To show (R2), let p E P, S C P be such that r(S) = r(S u (p)). We must show 
that r(S u p) < r(S) + 1, and we may assume P = s u j. Ifp is a g-isthmus, 
then r(Sup)=h@)=h(W--p)+l=r(Su(p))+l. If p is not a 
g-isthmus, r(S u (p)) = h(%’ - p) = h(V) = r(S u p), by Lemma 8. So 
(R2) holds. 
Next note that if p is a %-isthmus and S C P such that p 4 S, then r(S) < 
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r(S u p). For p is, by (Il), also a %(s u #)-isthmus. Now, given any two 
subsets S, T of P, we want to show r(S u T) + r(S n T) < r(S) + r(7). 
We may assume S = s and T = T, and also P = S u T. If S _C 7”, there is 
nothing to prove. So let p E P+, p 4 T. By induction on 1 S I, suppose 
r[(S - p) u T] + r(S n 0 < r(S - p) + r(T). If p is a V-isthmus, r[(S- 
p) u g = r(S u T) - 1, and r(S - p) < r(S). Otherwise, r[(S - p) u T] = 
r(S u T), and r(S - p) < r(S). In either event, r(S u T) + r(S A T)< 
r(S) + r(T), establishing (R3). 
Denote by G(P) the (unique) pregeometry on P associated with the rank 
function r. If I C P is independent in G(P), then r(Z - p) < r(Z) for all 
p E I+. Hence I must be a member of %‘. Conversely, if Z E %‘, then r(Z - p) < 
h(Z) = r(Z) for all p E I+. Hence I must be independent in G(P). 1 
COROLLARY 7.1. A geometric complex V on partial order P determines a 
geometry G(P) if and only if ‘3 has the hereditary properties: 
(12) W(P) = ww or some p E P, then for any basis B, 1 B+ 1 = 1; 
(13) for all q < p E P, 4” E 97 implies j E 92. 
Proof. Assume G(P) a geometry, and let p E P be such that r(p) = r(G). 
Then, if B is any basis of G(P) with B+ = (pl ,...,p,>, p = p1 u ... u pn 
and thusp = j& for some 1 < i < n, by (D4). Thus B cannot be a basis unless 
B = z , i.e., 1 B+ 1 = 1. Now assume 4” E %‘, and let p be any element so that 
q < p. If fi 4 %, $ is not independent, and therefore p E (jJ). By (D5), this 
means p E 3, and hence q E 3, contradicting 4” E %. 
Conversely, assume % satisfies (12) and (13). Suppose p E ( p) for some 
p E P. Then q 4 9? for all q < p by (13). Thus q E rzl for all q < p, and hence 
by (R3’), p E ( jj) C B. So (D5) holds. Now suppose there exist an element 
pEPandasubsetSCPsothat~=S.Ifp~B,pmustbeabasisforthe 
subgeometry G(g u j) by (D5). Choose any basis B of G(S u p) such that 
B C 9, then B = 6 for some b E s by (12). Hence, for all s E S, s > b implies 
p = S, and (D4) holds. a 
Let us now investigate how the property of being strong is reflected in the 
complex of independent sets of a geometry. 
An order complex %? on a partial order P has the (KurokOre) exchange 
property if the following property is hereditary on V: 
(E) For any two g-bases B1 and B, , and any bI E B1+, there exist a 
b2 E B,+ and a %-basis B3 so that B3+ = (B,+ - b,) u b, . 
Note that (E) implies 1 B,+ 1 = I B,+ 1 for any two ‘%-bases B, and B, . 
A geometry G(P) has the (Kuro&-Ore) exchange property if its complex of 
independent sets has it. 
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For strong geometries, there is a seemingly weaker definition of indepen- 
dence: 
LEMMA 9. Let G(P) be a strong geometry on a partial order P and let I be 
an ideal of P. Then I is independent in G(P) if and only iffor allp E I+, p $ I+ - p. 
Proof. If I is independent, then for any p E I+, p f I - p. Hence, a 
fortiori, p 4 I+ - p. Conversely, if p $ I+ - p for all p E I+, then also 
p 4 (I+ - p) u 4 for all q < p since G(P) is strong. Therefore, repeating the 
argument, p 4 (I+ - p) u (p) = I - p; i.e., I is independent. 1 
According to Lemma 9, we may identify the independent sets of a strong 
geometry with antichains I of P such that p $ I - p for all p E I. 
PROPOSITION 12. If G(P) is a strong geometry on a partial order P, then 
G(P) has the exchange property. 
Proof. Let B1 and B, be any two bases of G(P). We may then identify 
Bi+ = Bi , i = 1, 2, by the remark above. Let b, be any element of Bl . 
Consider the flat A = B1 - b1 and the interval [A, P] of L(G). Since P = 
A v 6, is irreducible in [A, P] (Lemma 3), there exists a unique flat H in 
G(P) so that A C H C P and r(H) = r(G) - 1. Choose any bz E Bz so that 
b, 4 H, and let B3 = (B, - b,) u b, . Then & = P, and we must show that 
b 4 B - b for any b E B3 . Suppose there is a b # bl E B1 so that b E (B, - 
b, - b) u b, = P. Consider the flat A’ = B1 - b1 - b. As before, there is a 
unique flat H’ so that A’ C H’ C P and r(H’) = r(G) - 1. Since A’ C A, 
H’ = H. But b, $ H, and therefore B1 - b = (B, - bl - 6) u b, = P, 
contradicting the assumption that B, was a basis. 1 
LEMMA 10. If the geometry G(P) has the exchange property, then I+ _C (I)+ 
for all independent sets of G(P). 
Proof. If the lemma is false, there exists a minimal ideal P’ so that the 
lemma is also false for the subgeometry G’ = G(P’). So we may assume I 
with 1+ = {q, q1 ,..., qk) is a basis of G’ and p E P’ such that q < p. Since P’ 
is minimal, P’ = I U j. 
Case 1. There exists a basis I1 of G’ such thatp E I1 . Then 1,-t = (p, pl,..., 
pk} for suitable pi E P’. Using repeated basis exchange between I1 and I 
and observing that q can never enter a basis which already contains p, we 
see that the ideal I2 with I,+ = {p, q1 ,..., qk) is also a basis of G’. But then 
I C I, , a contradiction. 
Case 2. p is in no basis of G’. Since Q must be independent in G’, fi is 
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independent by (13). So in particular, I g j. Choose any qi E 1+ - 3. qi is an 
isthmus of G’ since otherwise the subgeometry G” = G’ - qi would also be 
a counterexample against the assumption that P’ was minimal. If B is any 
basis of G’ - qi , then p E Bf, since otherwise B+ 2 I+ - 4 - qi , and 
because r(1 - q) > r(B u qi) = r(G’), I could not have been a basis of G’. 
Therefore p is in all bases of G’ - qi . But since r(I - qi) = r(Z) - 1, 
I - qi contains a basis of G’ - qi which does not contain p, a contradiction. 
PROPOSITION 13. If the geometry G(P) has the exchange property, then 
G(P) is strong. 
- - 
Proof. For any q<pEP, SCP, we must show that Suq=Sup 
implies p E s. Without loss of generality, we may assume 3 u j = P and 
p E P+. If p is not an isthmus of G(P), there is a basis B of G(P) so that 
B Z (s u j) - p. But then, by Lemma 10, B C S and thus p E S. If p is an - - 
isthmus, then clearly S u q # S u p. l 
We combine Propositions 12 and 13 to 
THEOREM 8. Let G(P) be any geometry on a partial order P. Then, for 
G(P) to have the exchange property, it is necessary and suficient that G(P) 
be strong. a 
8. B-INDEPENDENCE 
It is not hard to see that a pregeometry is not uniquely determined by its 
collection of maximal independent ideals above. In this section we will 
exhibit a collection of “B-independent” sets which is uniquely determined 
by its subcollection of maximal B-independent sets, and which determines 
a pregeometry uniquely. 
If G(P) is a pregeometry on a partial order P, a k-tuple I = (x, ,..., x,) of 
elements xi of P is B-independent if r(I,,J = m, 0 < m < k, where I, = 
(x, ,***, x,,J is the initial segment of I of length m. In particular, all initial 
segments of B-independent sets and the empty set are B-independent. A 
B-independent set B is a B-basis if r(B) = r(G). 
PROPOSITION 14. If I1 and I2 are two B-independent sets of a pregeometry 
G(P) such that 1 I1 1 -==c / I2 1, then there is an x E I2 so that (I1 , x) is B-indepen- 
dent. 
Proof. Since r(I,) < r(Z,), there is an x E 1, such that x 4 f, . If I, = 
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{xl ,-a*, Xk , &.-., x,), we may thus assume that (x, ,..., xk) c I1 . By Lemma 1, 
there is a p E P such that (p) c (x, ,...., xk> and 
- - 
So Z, U p = (I1 , x), and hence r(Z1 , x) = r(Z,) + 1; i.e., (Z1 , x) is B- 
independent. # 
LEMMA 11. Every B-independent set Z of a pregeometry G(P) can be 
augmented to a B-basis. 
Proof. Let Z = (x, ,..., x,) be B-independent. If r(Z) = r(G), Z already is a 
B-basis. If not, let I; be any flat of G(P) covering f in L(G) and x E F - f. 
Then apparently I’ = (x, ,. .., x,x) is B-independent. Thus, after r(G)-r(Z) 
steps, we obtain a B-basis. a 
So B-independent sets and B-bases determine each other: The B-bases 
are the maximal B-independent sets, and the B-independent sets are the 
initial segments of the B-bases. 
Let A be any ideal of P. Recalling that the rank’in the subgeometry G(A) 
coincides with the rank in G(P), we obtain: 
PROPOSITION 15. The B-independent sets of the subgeometry G(A) are 
precisely those B-independent sets of G(P) which are contained in the ideal A. 
Together with Lemma 11, Proposition 15 implies 
PROPOSITION 16. Zf an element p E P is in all B-bases of the pregeometry 
G(P) and p E A for some ideal A of P, then p is in all B-bases of the sub- 
geometry G(A). 
Now consider the contraction G(P)/A of G(P) by the ideal A. Let Z = 
(xl ,***, xk , Xk+l ,**-T x,) be any B-independent set of G(P) so that (x, ,.. . , x,) 
is a basis of the subgeometry G(A). So x~+~ ,..., x, must be elements of 
P - A. If r’ is the rank function of G(P)/A, 
r’(Xk+l ,.“, Xk+l) = r(xl ,..., xk , Xk+l , . . . . xk+l) - 6 ,... , Xk) = z 
for all I = 0, l,..., m - k. Thus I’ = (xk+, ,.. ., x,) is B-independent in 
W)IA* 
conversely, if (xk+, ,..., x,) is any B-independent set of G(P)/A and 
(Xl ,“‘, xk) any B-basis of G(A), then for all Z = I,..., m - k 
f-(X1 ,***, Xk 3 Xk+l T-*-P x,,,) = r'(X.zc+l ,..., XT<+,) + r(X1 ,---, Xd = k + 1. 
Thus Z = (x, ,..., Xk , Xk+l ,..., x,) is B-independent in G(P). 
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PROPOSITION 17. An m-tuple ( y1 ,. . ., ym) of elements yi in P - A is 
B-independefit in the contraction G(P)/A if and only if there is a B-basis 
(Xl ,“‘, x,) of G(A) so that (x, ,..., xI, , y1 ,..., ynz) is B-independent in G(P). 
Our next goal is to give a cryptomorphic description of a pregeometry 
in terms of B-independent sets. 
Given a partial order P, consider, for all k = 0, l,..., all possible k-tuples 
(x, ,.“, x,) of elements of P such that xi # xj if i # j, and xi < xj implies 
i <j. 
A collection %? of those typles is a complex if 0 E %. Every complex W is 
ordered by set inclusion, and it thus possesses a height function h. B E ‘% is a 
basis if h(B) = h(q), and p E P is a C-isthmus if p is in all bases. 
For an ideal A of P, the complex V(A) = {I E %T: Z C A} is a subcomplex 
of V. 
A complex %’ on a partial order 
properties are hereditary on %7: 
P is a BZ-complex if the following 
(BIl) If I E %’ and I’ is any initial segment of Z, then I’ E %‘; 
(B12) If I, I’ E 59 so that ) Z 1 < j I’ j, there exists an x E I’ so that 
(19 4 Eg; 
(B13) If p E P is a %-isthmus and A an ideal of P so that p E A, then p 
is a %(A)-isthmus. 
A consequence of (BT2) is 
(B12’) All bases of %? have the same cardinality. 
Properties (BIl) and (B12’) then show that the height of any member of V 
must be equal to its cardinality. Note that each subcomplex of V also is a 
BI-complex. 
From Propositions 14 and 16, it follows that the collection of B-independent 
sets of a pregeometry is a BI-complex. The task in the next theorem is to 
show that the converse is also true. 
THEOREM 9. If %T is a BI-complex on a partial order P, then there exists a 
unique pregeometry G(P) on P so that % is the collection of B-independent 
sets of G(P). 
Proof. For all S C P, let r(S) = max{ 1 I I: I2 3, I E %?I. r is thus an 
increasing integer valued function on the subsets of P and clearly satisfies 
(RO) and (Rl). 
To show (R2), let S be any subset of P and p any element of P so that 
r(S) = r(S u (p)). So we may assume that P = s u 9 and that p E Pf. 
If p is not a g-isthmus, then clearly r(S u p) = r(S u #) = r(S u (p)). So 
assume that p is a V-isthmus and suppose r(S u p) > r(S u (p)) + 2. Then 
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there is a member I’ of V such that j I’ 1 = 1 Z 1 + 2, where Z E ‘%? is maximal 
in S u (p). By (BI2), we may assume I’ = (x1 , . . ., xk: , p, y) for some minimal 
y E 3 u (p). By hypothesis, y $1 u #. We contend that y cannot be an 
isthmus of any subcomplex %(A) such that (I up) C A, for if y were a 
%?(A)-isthmus, then y would be a %?(A - p)-isthmus by (BI3), in contradiction 
to y $ I. So 7 - y must contain a member I” of %? so that 1 I” 1 = 1 I’ I. 
But then we may, again by (BI2), assume that I” = (x1 ,..., xk , p, y’) for 
some y’ < y, contradicting the fact that y was minimal. Hence we must have 
r(S u (p)) + 1 = r(S up). 
For (R3), let S, T be any two subsets of P. Since r is increasing we may 
assume that S and T are ideals. By induction on 1 P I, we may also assume 
that (R3) holds for S’ = S - p and Z’, for some p E Sf - Z’, and P = S u T. 
If p is not a w-isthmus, r[(S - p) u T] = r(S u T), and there is nothing 
to prove. If p is a V-isthmus, then r(S u T) = r[(S - p) u 2-J + 1, by 
(R2). But then p is also a V(S)-isthmus. Thus r(S - p) < r(S). In any event, 
r(S u T) + r(S n T) < r(S) + r(T). 
Our results so far show that %? determines a (unique) pregeometry G(P) 
on P. It remains to demonstrate that $5’ is the collection of B-independent 
sets of G(P). We will finish the proof after the next proposition. 
If 5?? is a BI-complex on the partial order P and A any ideal of P, we define 
the contraction %?/A of %? by A as follows: %/A is the collection of those 
tuples (xkfl ,. .., x,) for which there exists a maximal member (x, ,. . ., xk) of 
the subcomplex 9?(A) so that (x, ,..., XI,, xk+l ,..., x,) is a member of %. 
It is clear that +?/A is a complex on P - A with the hereditary propeties 
(BIl) and (BI2). 
LEMMA 12. p E P - A is a (g/A)-isthmus if and only if p is a V-isthmus. 
Proof. If p is in all bases of %, p must be in all bases of %/A. 
Conversely, suppose there is some basis B of $7 so that p $ B. Let B’ be a 
basis of %(A). Then by (BI2), B’ can be augmented to a basis B” of % with 
suitable elements of B. Thus B” - B is a basis of %/A which does not contain 
P. I 
Since the subcomplexes of ‘??/A may be obtained as contractions of sub- 
complexes of V, we get 
LEMMA 12. Property (B13) is hereditary on %‘/A. 
PROPOSITION 18. Zf %T is a BI-complex on a partial order P and A an ideal 
of P, then V/A is a BI-complex on the partial order P - A. 
We now continue the proof of Theorem 9: 
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%’ defined the rank function r of G(P). Similarly, %‘/A defines a geometric 
rank function r’, and we have for all S C P - A, r’(S) = r(S u A) - r(A). 
So %?/A gives rise to the contraction G(P)/A. Now assume that the members 
of %? of cardinality < k - 1 coincide with the B-independent sets of rank < 
k - 1. Let (x, ,..., xk,_, , x,) E %‘. Then (x, ,..., xkdI) is B-independent and, 
by our results above, xk is B-independent in G(P)/A, where A is the ideal of 
P generated by {x, ,..., &&}. Hence (x, ,..., xk-1 , xk) is B-independent in 
G(P) (Proposition 17). 
Conversely, if (x1 ,..., xkVI, xk) is B-independent in G(P), then XI, is 
B-independent in G(P)/A. Hence xk E %‘/A and thus (x, ,..., xk) f %?. 1 
The concept of B-independence is appropriate for matching theory in 
pregeometries: 
THEOREM 10. (marriage theorem). In a pregeometry G(P) on a partial 
order P, let A, ,..., A, be n (not necessarily distinct) ideals of P. Then a B- 
independent set (x, ,..., x,) of (distinct) representatives and a permutation 7~ of 
(1 ,..‘, n> such that xi E A,(i) , i = I,..., n, exists if and only if 
(“) ~(41 ” *.a U Ajk) > k for any subfamily Aj, ,..., Ajk of the A’s. 
Proof. We consider two cases. 
Case 1. r(Aj, U *** U Ajk) > k for all proper subfamilies. Let x1 be any 
element of A, SO that r(xl) = 1, and let Bi = Ai n (P - al), i = 2,..., n. 
Then the B’s are ideals in the contraction G/Z, . If r’ is the rank function of 
W, , 
r’(Bjl U “’ U Bjk) = r(g, U Bj, U * ** U Bjk) 
- r(+) 2 r(& U *** U Ajk) - 1 2 k, 
for any subfamily of the B’s. Thus, by induction there is a B-independent set 
of representatives (x, ,..., x,) of B, ,..., B, in G/Z, . Hence (x, , x2 ,..., x,) is a 
B-independent set of representatives of A1 ,..., A, in G. 
Case 2. There is a proper subfamily Al,..., Ak such that r(A, U --a U Ak) = 
k. By induction, there is a B-independent set (x, ,..., xk) of representatives of 
the family Al ,..., Al,. Let A = A, U a** U Ak , and let Bj = Aj r\ (P - A), 
j = k + l,..., It. The B’s are ideals,in G/A. Suppose there is a subfamily 
B t1 9’.., Bt, of the B’s so that r’(Bt, u ..* U Btm) < m in G/A. Then 
@I ” a-* U Ak U At, U .+- u A,,) = r(A u Bt, u -a- u Bt,) 
= r’(&, u -** u Bj,) + r(A) < m + k, 
582b,k8/ I -4 
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a contradiction. Hence, there is some B-independent set (x,,, ,,.., x,) of 
B 7c+1 Y-'-Y B, in G/A. Therefore (x1 ,..., xI, , x~+~ ,..., x,) is a B-independent set 
of representatives of A, ,..., A, in G(P). 
The necessity of (*) is clear. So the proof is finished. 1 
9. DUALITY 
Each partial order P has an order dual P*, which is defined as the set P 
together with the order relation: For all x, y E P, x < *JJ in P* if y < x in P. 
So (P*)* = P, and we observe that the set A is an ideal in P* if and only if 
P - A is an ideal in P. We denote by A^ the ideal generated by a subset A 
in P* and by (p) = (q 6 P*: q < *p>. In this section we will show that 
each pregeometry G on P has associated a dual pregeometry G* on P* such 
that (G*)* = G. 
If G = G(P) is a pregeometry on the partial order P with rank function r, 
consider the function r *, defined on the subsets of P* as follows: 
For all A C P*, r*(A) = 1 A^ 1 + r(P - A) - r(P). 
PROPOSITION 19. r* is the rank function of apregeometry G* on P*. 
Proof. Properties (RO) and (RI) are readily verified. We show (R2) and 
uw 
Let ACP*, PEP* such that r*(A) = r*(A u 7~)). If p E: A”, then 
r*(A) = r*(A u p). If p $ A, note that P - (d U (p)) is an ideal in P 
which contains (p). So 
or 
-r[P - @ U (p>) - PI = rP - @ U (p))l 
Hence 
= r[P - (d U (p))] - 1 
r*(AUp) = lAU$l +r[P-((AlU$)]-r(P) 
= IAlU(p)l+ 1 +r[P-(AU<p))-p]-r(P) 
= r*(A U (p)) + 1 
Therefore (R2) holds. 
or r*(A u <PH. 
Let A, B be any two subsets of P*. Since r* is increasing, 
(R2), we may assume A = 2 and B = 8. Then 
r*(A u B) + r*(A n B) 
= 1 A u B I + r[P - (A u B)] - r(P) + I A n B 
+ r[P - (A n B)] - r(P) 
by (Rl) and 
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= I A I + I B I + r[(P - 4 n (p - WI 
- r(P) + r[(P - A) u (P - B)] - r(P) 
< I A I + I B I + r(P - A) - r(P) + @ - B) - r(P) 
= r*(A) + r*(B). i 
The pregeometry G* is called the dual of G. Since r*(P) = I P I - 
r(P - P) - r(P), r(G) + r*(G*) = ] P I. If S is any subset of P = (P*) then 
r**(S) = r**(S) = 1 s 1 + r”(P - S) - r*(P) 
= 1 s 1 + 1 P - s 1 + r(S) - r(P) - r*(P) 
= r(S) = r(S). 
Consequently, (G*)* = G. 
THEOREM 10. Any pregeometry G = G(P) on a partial order P has a 
dual G* defined on the order dual P* of P such that (G*)* = G. The rank 
function r* of G* is given by: 
For all A C P*, r*(A) = I A I + r(P - A”) - r(P). 
Moreover, r(G) + r*(G*) = 1 P I. 
Let us compare the operations of deletion and contraction in G and in G*. 
So let A be any ideal in P* and consider the subgeometry G - A of G = G(P) 
on P - A. The rank function of G - A is the restriction of the rank function 
of G to P - A. The dual (G - A)* is defined on (P - A)* = P* - A with 
rank function rz so that 
forallBCP~-A,r$(B)=I~AI+r[(P-A)-~8”]-r(P-A), 
where & denotes the ideal generated by B in P* - A. 
Suppose we contract G* by the ideal A of P*. Then the rank function r$ 
of Gg/A is given by: 
For all B C P* - A, 
r,*(B) = r*(A U B) - r*(A) 
= 1 A u B I + r[P - (A U 8)] - r(P) - I A I - r(P - A) + r(P) 
= I& 1 + r[(P - A) - BA] - r(P - A) 
= r:(B). 
Thus, we have proved 
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THEOREM 11. If G = G(P) is a pregeometry on a partial order P, G* its 
dual, and A an ideal of P*, then 
(G - A)* = G*/A. 
Dually, if A is an ideal of P, then 
(G/A)* = G* - A. 
APPENDIX: ILLUSTRATION OF CRYPTOMORPHISMS 
Consider the partial order P with Hasse diagram 
d 
ob oc 
The subsets {b), (cl, (a, d), (a, e>, (a, b, c> of P are the hyperplanes of a 
strong, modular geometry G on P. 
The flats of G are therefore 0, (a>, {b), {c], {a, d), (a, e>, (a, b, c,), (a, b, c, d, e>. 
The associated lattice L(G) of flats of G is thus given by the following Hasse 
diagram: 
We remark that L(G) is isomorphic to the lattice of subgroups of the group 
Zz x 2, . P is isomorphic to the set of nontrivial irreducible subgroups of 
2, x 2, with the induced partial ordering. 
G can also be described through the (rank) function r: 
r(0) = 0, 
r(a) = r(b) = r(c) = 1, 
r(d) = r(t) = r((a, b}) = r((a, c>) = r((b, c>) = r((a, b, c]) = 2, 
r(S) = 3 for every other order ideal S of P. 
The independent sets of G are RI, (a>, (b}, (c], (a, b), (a, c), Za, d), {a, e) 
V, 4, -Cay h 4, (a, b, 4, (a, c, 4, (a, c, 4, (a, 4 4. 
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The B-bases of G are the triplets (a, b, d), (a, c, d), (a, b, e), (a, c, e), 
(b, c, d), (b, c, e) and their obvious permutations. 
The dual G* of G is defined on the partial order P*: 
a0 
/\ 
od oe ob oc 
and has as flats: m of rank 0, 
W, (4, (4 4 of rank 1, 
(a, b, c, d, e> of rank 2. 
One sees that G* is only a pregeometry and not a geometry. 
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